SL Paper 2

The random variable X has cumulative distribution function

0 z <0
F(z)=14 (2)’ 0<z<a
1 r>a

. . . 3a 2 . .
where a is an unknown parameter. You are given that the mean and variance of X are - and % respectively. To estimate the value of a , a

random sample of n independent observations, X1, Xa, ... X}, is taken from the distribution of X .

n
a. (i) Find an expression for ¢ in terms of n such that U = ¢ X; is an unbiased estimator for a . [4]
i=1

(i) Determine an expression for Var(U) in this case.

a

3n
b. (i) Show that P(Y < y) = <£) ,0 < y < a and deduce an expression for the probability density function of Y. [16]
(i) Find E(Y).

_ 3na’
(iti)  Show that Var(Y) = G @it

(iv)  Find an expression for d in terms of n such that V' = dY is an unbiased estimator for a .
(v) Determine an expression for Var(V) in this case.

c. Show that Var(l) _ sn+2

v:z OB and hence state, with a reason, which of U or V is the more efficient estimator for a . [2]

Markscheme

a () E(U)=cxnxZ=a=c=y MAl

.. 16 a2 a2
(i) Var(U)= g5 xnx 3 =1 MIAl
[4 marks]
b. i) PY <y =PllXs<y) Ml
=[P (X<y)|" D
3 n
- ( (%) ) (A1)
Note: Only one of the two 41 marks above may be implied.

_ (2)3" AG

a

d y 3n 3ny3n—1
9@) =g le) == 0<y<a) MiAl

(9(y) = 0 otherwise)



() E(Y)=[**"ay M1

0 o3

. 3ny3n+1 a
- |:(3n+1)a3"} 0 Al

3na
T 3n+l Al

3041 2
(i) Var(Y) = [ 2 dy (—3?;111) Mi

. 3ny3n+2 a_ 3na 2 Al
~ [ B2 ] 3n+1

— 3na’ _ 9n%a?
3n+2 (3n+1)

_ 3na?(9n>+6n+1)—9n2a’(3n+2)
- (3n+2)(3n+1) Al

_ 3na’
T e Lovian 102
(3n+2)(3n+1)

(iv) B(V)=dx g% =a=d=3" MiAl

2

(V) V(IT(V) _ <3n+1 >2 « 3na Ml
3n (3n+2)(3n+1)
o2
=~ 3n(@Bnr2) Al
[16 marks]
2
Var(U) =
C. _ 15n
Var(V) a2 Al
3n(3n+2)
_ 3n+2 AG

5
V is the more efficient estimator because 3n + 2 > 5 (forn > 1) RI
[2 marks]

Examiners report

~IN/A]
b [N/A]

o, [NA]

Gillian is throwing a ball at a target. The number of throws she makes before hitting the target follows a geometric distribution, X ~ Geo(p). When
she uses a cricket ball the number of throws she makes follows a geometric distribution with p = %. When she uses a tennis ball the number of
throws she makes follows a geometric distribution with p = %. There is a box containing a large number of balls, 80% of which are cricket balls and
the remainder are tennis balls. The random variable A is the number of throws needed to hit the target when a single ball is chosen at random from

this box and used for all throws.



a. Find E(4).
1 3 r—1 3 1 r—1
b. Show that P(A =7) = = X (Z) + 55 X (—) .

c. Find P(A < 5|4 > 3).

Markscheme

a. B(X tennis) = + = % (A1)
7
E(X cricket) = ~ =4 (A1)
T
4 1 4 _ 52
E(A):EX3+4XEZE M1A1

r—1
b. P(X = r|cricket) = % - (%) (A1)

P(X = r|tennis) = % . (%)ril (A1)

P(A =r) = P(X = r|cricket) x P(cricket) + P(X = r|tennis) x P(tennis)

r—1 r—1
:%x(%) x§+%x(%) X1 Al
1 37'71 3 17*1
) ) e
A=4 or
. P(A<H)|(A<3) = —2220 _ priagaq

1-P(A=lor2or 3)

320

111
1280

327
5120

771
=P(A>3)|(A<5) =2 AI1A2
5120

Note: Award A1 for correct working for numerator and Award A2 for correct working for denominator

= o (=0.442) A1

Examiners report

a. It was pleasing to see many correct answers to parts a) and b) with candidates correctly recognising how to work with the distribution.
b. It was pleasing to see many correct answers to parts a) and b) with candidates correctly recognising how to work with the distribution.

c. Part c) caused more problems. Although a number of wholly correct solutions were seen, many candidates were unable to work meaningfully with

the conditional probability.

(mM1)

(4]

[4]

[7]



The discrete random variable X has the following probability distribution.

P(X =z) = £, wherez € Z" and k is a constant.

a.i. Write down the first three terms of the infinite series for G(t), the probability generating function for X.

a.ii.Determine the radius of convergence of this infinite series.

a.iiBy considering (1 - %) G(t), show that

4

a.ivHence show that k = 3

b.i.Show that In G(t) = In4 + Int — 21n(3 — ¢).
b.iiBy differentiating both sides of this equation, determine the values of G’(1) and G”(1).

b.iitHence find Var(X).

Markscheme

. k Kt Kt®
al.G(t) =3+ 2+ 5 +... MIAT

[??? marks]

Toi1 (n+1)kt"*! 3"

a.ll. T, = T X ki" M1A1

—>§asn—>oo A1

for convergence, ‘%‘ < 1 so radius of convergence = 3 A1
[??? marks]

2 3
aiiG(t) = & + &= + 2 4

t kt? 2Kkt3

—
[
|
ol =

2 3
)G(t):%+%+%+... M1A1

= A1
(-9
kt
3 3kt
G(t) - (17§>2 - (3*15)2 AG
[??? marks]

anvG(l)=1 M1

sok:% AG

[??? marks]

bilnG(t) =Indt —In(3 —¢t)2 M1

2]

(4]

(3]

(1]

(1]

(6]

(1]



InG(t) =ln4+1Int—2In(3 —¢t) AG

[??? marks]

. G'(1) 1 2
b.||.w =+ T M1A1
puttingt =1
G'(1)=2 A1
G'WGH-l¢'®’ 1 2
cor . E T MAT
puttingt =1

G'(1)—4=-1++
G'"1)=1 a1

[??? marks]

biiVar(X) = G"(1) + G'(1) — [G'()]* = 2 A1

| w

[??? marks]

Examiners report

ai VA
ailNVA
aiil VAl
aidVA
b.i. VA
b.iiN/Al

b.iit VAl

A machine fills containers with grass seed. Each container is supposed to weigh 28 kg. However the weights vary with a standard deviation of

0.54 kg. A random sample of 24 bags is taken to check that the mean weight is 28 kg.

A.aAssuming the series for €” , find the first five terms of the Maclaurin series for [3]
1 2
e 2
V2
Ab(i)  Use your answer to (a) to find an approximate expression for the cumulative distributive function of N(0, 1) . [6]

(i) Hence find an approximate value for P(—0.5 < Z < 0.5) , where Z ~ N(0,1) .

B.aState and justify an appropriate test procedure giving the null and alternate hypotheses. [5]
B.bWhat is the critical region for the sample mean if the probability of a Type I error is to be 3.5%? [7]
B.clIf the mean weight of the bags is actually 28.1 kg, what would be the probability of a Type II error? [2]

Markscheme



2 3 4
Age® =14+ac+ 5 +5+ 5 +...

g2 _z _z _z

eT:1+<f%2>+<22,) +(3$>+(4“; +... MiAl
2

1 = 1 22 z* 5 8

7= :E<1—7+§—E+@) Al

[3 marks]

. 1 z 2 # 16 8
Ab(i) Efﬂl_?+3_5+@dt Ml

5 9

1 (w_%?’_|_w__w_7+z_) Al

Vor 40 336 ' 3456
1 Ig I5 I7 Zg

9

. _ 2 05 | 05 05" | 05
(i) P(-0.5<2<05)=—=(05- 08408 S5 0 ) M

=0.38292 = 0.383 A1

[6 marks]
B.athis is a two tailed test of the sample mean x

we use the central limit theorem to justify assuming that RI

X ~N (28, %) RI1AI

Hy: p=28 Al
Hi:pu#28 Al
[5 marks]

B.bsince P(Type I error) = 0.035 , critical value 2.108 (M1)A1
and (z < 28 — 2,108/ 22 orz > 28 + 21081/ 5L ) (MI)(A1)(A1)
z < 27.7676 or x > 28.2324

sox <27.8orz > 282 AlAl
[7 marks]

B.cif i = 28.1

b'e 0.54°

X ~N (28.1, = ) RI

P(Type Il error) = P(27.7676 < = < 28.2324)
=0.884 Al

Note: Depending on the degree of accuracy used for the critical region the answer for part (c) can be anywhere from 0.8146 to 0.879.
[2 marks]

Examiners report



A.aThe derivation of a series from a given one by substitution seems not to be well known. This made finding the required series from (e*) in part
(a) to be much more difficult than it need have been. The fact that this part was worth only 3 marks was a clear hint that an easy derivation was

possible.
A.blIn part (b)(i) the 0.5 was usually missing which meant that this part came out incorrectly.

B.aThe conditions required in part (a) were rarely stated correctly and some candidates were unable to state the hypotheses precisely. There was

some confusion with "less than" and "less than or equal to".
B.bThere was some confusion with "less than" and "less than or equal to".

B.cLevels of accuracy in the body of the question varied wildly leading to a wide range of answers to part (c).

a. The weights, X grams, of tomatoes may be assumed to be normally distributed with mean u grams and standard deviation o grams. Barry  [8]

weighs 21 tomatoes selected at random and calculates the following statistics.

Y @ =1071\);\( D «® = 54705
(i) Determine unbiased estimates of y and o2 .

(ii) Determine a 95% confidence interval for .
b. The random variable Y has variance o2 , where 02 > 0 . A random sample of n observations of Y is taken and 53_1 denotes the unbiased [5]
estimator for o2 .

By considering the expression
Var(S1) = E(S7 ) ~ {E ($n-1)}"

show that S,,_1 is not an unbiased estimator for o .

Markscheme

a () o= =51 Al

S2, - By wiar

(i) degrees of freedom = 20 ; t-value = 2.086 (41)(A1)

95% confidence limits are
51+2.086,/ 52  (MI)(AI)

leading to [50.1,51.9] Al

[8 marks]

b. Var(Sp-1) >0 Al



E(S? |\)=0% (4D

substituting in the given equation,

0% — E(Sy-1) >0 Ml

it follows that

E(S, 1) <o Al

this shows that S,,_; is not an unbiased estimator for ¢ since that would require = instead of < RI

[5 marks]

Examiners report

a. Most candidates attempted (a) although some used the normal distribution instead of the ¢-distribution.

b. Many candidates were unable even to start (b) and many of those who did filled several pages of algebra with factors such as n/ (n — 1)

prominent. Few candidates realised that the solution required only a few lines.

The weights of apples, in grams, produced on a farm may be assumed to be normally distributed with mean p and variance o .

a. The farm manager selects a random sample of 10 apples and weighs them with the following results, given in grams. [5]

82,98,102, 96,111, 95,90, 89, 99, 101

(i) Determine unbiased estimates for y and o .

(ii) Determine a 95% confidence interval for .
b. The farm manager claims that the mean weight of apples is 100 grams but the buyer from the local supermarket claims that the mean is less [5]
than this. To test these claims, they select a random sample of 100 apples and weigh them. Their results are summarized as follows, where x

is the weight of an apple in grams.

Dz =9831;)  a? = 972578

(1)  State suitable hypotheses for testing these claims.
(il)) Determine the p-value for this test.

(iii) At the 1% significance level, state which claim you accept and justify your answer.

Markscheme

a. (i) from the GDC,

unbiased estimate for p = 96.3 A1
unbiased estimate for 02 = 8.028...2 = 64.5 (M1)Al

(i)  95% confidence interval is [90.6, 102] A1A41

Note: Accept 102.0 as the upper limit.



[5 marks]

b. (i) Ho:p=100;H;:p<100 Al

(i) x=098.31,8,1="7.8446... (4l)
p-value = 0.0168 A1

(iii))  the farm manager’s claim is accepted because 0.0168 > 0.01 A4IRI

[5 marks]

Examiners report

o INA
b, [N/A]

The discrete random variable X follows a geometric distribution Geo(p) where

pg* L forz=1,2...

P(X—m)—{

0, otherwise

a.i.Show that the probability generating function of X is given by [3]
pt
G(t) = .
O =1z
a.iiDeduce that E (X) = %. [4]
b. Two friends A and B play a ball game with the following rules. [5]

Each player starts with zero points. Player A serves first and then the players have alternate pairs of serves so that the service order is A, B, B,
A, A, ... When player A serves, the probability of her scoring 1 point is p4 and the probability of B scoring 1 pointis g4, where g4 =1 — py4.

When player B serves, the probability of her scoring 1 point is pg and the probability of A scoring 1 point is gg, where gg = 1 — pp.

Show that, after the first 6 serves, the probability that each player has 3 points is

22:2 (z) (pa)"(pB)"(a4)" " (a8)* "

c. After 6 serves the score is 3 points each. Play continues and the game ends when one player has scored two more points than the other player. [3]

Let N be the number of further serves required before the game ends. Given that p4 = 0.7 and p4 = 0.6 find P(N = 2).

d LetM = %N. Show that M has a geometric distribution and hence find the value of E(N). [7]

Markscheme



aiP(X=2z)=pg" 1 forz=1,2...

G(t)= > tpg®! M1
z=1

o0
pty (tg)" ' At
=1

= pt (1—|—tq—|—(tq)2...) M1

[3 marks]
1— —pt(—
a.ii.G'! (t) = M Mi1A1

(1-tg)®
E(X) =G (1) M1

~ (1-g)ptpg

A1l
(1—g)

AG

kSIS

[4 marks]

b. after 6 serves (3 serves each) we have ABBAAB
A serves B serves
3wins Olosses p1 = 3C’3p3Aq21300p%q% M1A1
2wins 1 loss py =3Cop%qPCiplal, A1
1 win 2losses p3 = *Cip, g5 Cappal, Al
Owins  Blosses py =3CopYq3°Caplql, A1

since 3Cy = 3C3, 3C1 =3Cs

=3 2
(3) (pa)"(p5)"(a4)" “(a5)** 4G

c. for N =2 serves are B, A respectively

P(N = 2) = P(B wins twice) + P(A wins twice)  (M1)

=06x03+04x0.7 A1

=0.46 A1
[3 marks]
d. for M = %N

P(M=1)=P(N=2)=py M1
P(M=2)=P(N=4)

_p (game does not end after) < P (game ends after

=(1- Al
first two serves ) ( M) PM

next two serves
similarly P (M = 3) = (1 — pM)2pM (A1)

hence P(M =7) = (1 —py)" 'pnr A1

hence M has a geometric distribution ~ AG

P(M=1)=P(N=2)=py =046 A1



=435 A1
[7 marks]

Examiners report
o VA
ai VA
b'_ IN/A]
. VA
q IVA]

The independent random variables X and Y are given by X ~ N(,ul, af) and Y ~ N(,U,g, ag).

Two independent random variables X4 and X, each have a normal distribution with a mean 3 and a variance 9. Four independent random variables Y4,

Ys, Y3, Y4 each have a normal distribution with mean 2 and variance 25. Each of the variables Yy, Y5, Y3, Y, is independent of each of the variables X3,

Xo. Find

a. Write down the distribution of aX + bY where a, b€ R. [2]
b.i.P(X; + Yq < 11). 3]
b.iP@3X; + 4Yq > 15). [4]
b.iilP(G + Xo + Yy + Yo + Ya + Yq < 30). 3]
c. Giventhat X and Y are the respective sample means, find P (X > Y). 5]
Markscheme

a. aX+bY ~N(ap + bus, a’o? +bc2) A1A1

Note: A7 for N and the mean, A1 for the variance.

[2 marks]

b.i.X; + Yy~ N(5,34) (A1)(A1)
=PX;+Y{<11)=0.848 A1
[3 marks]

b.i3X; +4Y{~N©O +8,9%x9+ 16 x 25) (A1)(M1)(A1)

Note: Award (A7) for correct expectation, (M1)(A1) for correct variance.
~N(17,481)
= P(@3X; +4Y;>15)=0.536 A1



[4 marks]
b.iiiXy + Xo + Y1+ Yo + Y3+ Y, ~ N6 +8,2x9+4 x25) (AT)(A1)
~N(14,118)
=>P(X1+X2+Y1+Y2+Y3+Y4<30)=O.930 A1l
[3 marks]
c. consider X - Y (M1)

E(X-Y)=3-2=1 A1
Var (X —Y) = 5 + 2(=10.75)  (M1)A1
=P(X-Y>0)=0.620 A1

[5 marks]

Examiners report

o INA
b.i.[NA]
p.ii VAl

b.ilN/Al
.. IN/A]

An automatic machine is used to fill bottles of water. The amount delivered, \(Y\) ml , may be assumed to be normally distributed with mean g ml
and standard deviation 8 ml . Initially, the machine is adjusted so that the value of w is 500. In order to check that the value of u remains equal to
500, a random sample of 10 bottles is selected at regular intervals, and the mean amount of water, y , in these bottles is calculated. The following
hypotheses are set up.

Hg: p=500;H; : pu+# 500

The critical region is defined to be @ < 495) U (17 > 505) .

(i) Find the significance level of this procedure.

(il))  Some time later, the actual value of u is 503. Find the probability of a Type 11 error.

Markscheme
(i) Under Hy , the distribution of 3 is N(500, 6.4) .  (41)

Significance level = Py < 495 or > 505|H, M2
=2x0.02405 (41)
=0.0481 AINS

Note: Using tables, answer is 0.0478.

(ii)  The distribution of y is now N(503, 6.4) .  (41)
P(Type Il error) = P(495 < y < 505) (M1)
=0.78 AI N3



Note: Using tables, answer is 0.784.

[8 marks]

Examiners report

[N/A]

The function f is defined by f(z) = In(1 + sinz) .

When a scientist measures the concentration p of a solution, the measurement obtained may be assumed to be a normally distributed random

variable with mean p and standard deviation 1.6.

-1

A.aShow that f”(m) = Tremz * (4]
A.bDetermine the Maclaurin series for f(z) as far as the term in z* . (6]
A.cDeduce the Maclaurin series for In(1 — sin ) as far as the term in z* . 2]
A.dBy combining your two series, show that Insec z = %2 + f—; +.... [4]
A.eHence, or otherwise, find lim 252 [2]
z—0 zVvz
B.aHe makes 5 independent measurements of the concentration of a particular solution and correctly calculates the following confidence (9]
interval for p .
[22.7,26.1]

Determine the confidence level of this interval.

B.bHe is now given a different solution and is asked to determine a 95% confidence interval for its concentration. The confidence interval is (5]

required to have a width less than 2. Find the minimum number of independent measurements required.

Markscheme

Aaf'(z) = <25 MIAI

1+sinx

" . — sin &(1+sinz)—cos’z
f (.’L’) B (1+sinav)2 Mi

_ = sinz—1 Al
(1+sinz)

- ' 4G

1+sinz

[4 marks]

ADb n — COS T
(iE) (1+sinz) Al



. L2 . 9
; —sinz(1+sinz)” —2(1+sinz)cos“z
fw(m) — ( inz) (4 inz) Al
(1+sinz)

f0)=0,f(0)=1,f"(0) = —1, f"(0) =1, f*(0) = —2

Note: Award A1 for 2 errors and A0 for more than 2 errors.

In(l+sinz) =z — £ + & — 2 4 . MIAI

[6 marks]

Acln(l —sinz) =In(1 +sin(-z)) =~z — & - & — L 4 .

[2 marks]
AdAdding, MI
In(1 — sin’z) = Incos’z Al

=’ - ... Al

lncosa::—%z—%—f— Al
lnsecxzz;—i—%—l— AG
[4 marks]
Insecx __ VT *Vz

A.e.x\/i = -5 TR Ml
Limit=0 Al
[2 marks]

B.alnterval width = 26.1 — 22.7 = 3.4

S03.4=2zx L M4l
V5

z=2375... Al

Probability = 0.9912 A1

Confidence level = 2 x 0.4912 = 98.2% Al
[5 marks]

B.bz-value = 1.96 A1

We require
1.96x1.6
vV
Whence n > 9.83 Al

2 x <2 MIAl

Soweneedn =10 Al
Note: Accept = signs throughout.
[5 marks]

Examiners report

AalVA
N
AcVAI
AdVA
AelVA
B.alN/Al

iN/A]

(42)

MIAI



B.b.

The random variable X has probability density function given by

flz) =

{ ze *, forz >0,

A sample of size 50 is taken from the distribution of X.

a. Use I'Hopital’s rule to show that lim z—: =0.
T—00
b. () Find E(X?).
(i) Show that Var(X) = 2.

c. State the central limit theorem.

d. Find the probability that the sample mean is less than 2.3.

Markscheme

a. attempt to apply I'Hopital’s rule M1

32
o

lim A1
T—00

.6
then lim e—f
T—r00

then lim A1

T—00

=0 AG

2

[3 marks]
b 2 # 3
) EX°)=1 —*d M1
i) E(X?) Aim of e *dr
attempt at integration by parts M1

R
the integral = [—z’e |2 + [3z%e "dz  A1A1
0
R
= [~2%e?|f + [-3z%e*|{ + [ 6ze *dz M1
0

= [z’ 2] + [-3z%e 2] + [~ 6ze"|F + [ 6e~2dz A1

= [—a:?’e"”]OR + [—3:1:2e’z]0R + [—Gxe’””]f]2 + [—6e’1]§ A1

=6 when R — oo R1

i EX)=2 A1
Var(X) = E(X?) — (E(X))> =6 —22 M1
=2 AG

[10 marks]

0, otherwise

(3]

(10]

2]

2]



c. if arandom sample of size n is taken from any distribution X, with E(X) = u and Var(X) = o2, then, for large n, A1

the sample mean X has approximate distribution N (,u, %2) A1l
[2 marks]

d. X ~N (2, 2 _ (0.2)2) (A1)
P(X <23)=(P(Z<1.5))=0.933 A1

[2 marks]

Examiners report

IN/A]

b. In part (b) the infinite upper limit was rarely treated rigorously.

c. In answering part (c) many failed to say that the Central Limit Theorem is valid for large samples and for any initial distribution. The parameters of

the distribution were often not stated.

q. VA

In a large population of sheep, their weights are normally distributed with mean p kg and standard deviation o kg. A random sample of 100 sheep is
taken from the population.

The mean weight of the sample is X kg.

a. State the distribution of X, giving its mean and standard deviation. [2]

b. The sample values are summarized as » .« = 3782 and > z2 = 155341 where z kg is the weight of a sheep. [6]

(i)  Find unbiased estimates for p and o2

(i) Find a 95% confidence interval for p.

c. Test, at the 1% level of significance, the null hypothesis i = 35 against the alternative hypothesis that p > 35. [5]

Markscheme
a X~ N(;;, %0) A1A1
Note: Award A1 for N, A1 for the parameters.

b. () z=2%=238_378 A1

I

n 100
9 __ 155341  3782° _

(i) 95%CI =37.82+ 1.98\/ 1223000 m1)A1)

= (35.6, 40.0) A1



C.

METHOD 1

one tailed t-test A1

testing 37.82 A1

99 degrees of freedom

rejectift > 2.36 A1

t-value being tested is 2.5294 A1

since 2.5294 > 2.36 we reject the null hypothesis and accept the alternative hypothesis  R1

METHOD 2
one tailed t-test (A1)
p =0.00650 A3

since p - value < 0.01 we reject the null hypothesis and accept the alternative hypothesis R1

Examiners report

a.

Almost all candidates recognised the sample distribution as normal but were not always successful in stating the mean and the standard deviation.
Similarly almost all candidates knew how to find an unbiased estimator for p, but a number failed to find the correct answer for the unbiased
estimator for 2. Most candidates were successful in finding the 95% confidence interval for . In part c) many fully correct answers were seen but

a significant number of candidates did not recognise they were working with a t-distribution.

. Almost all candidates recognised the sample distribution as normal but were not always successful in stating the mean and the standard deviation.

Similarly almost all candidates knew how to find an unbiased estimator for i, but a number failed to find the correct answer for the unbiased
estimator for o2. Most candidates were successful in finding the 95% confidence interval for p. In part c) many fully correct answers were seen but

a significant number of candidates did not recognise they were working with a t-distribution.

Almost all candidates recognised the sample distribution as normal but were not always successful in stating the mean and the standard deviation.
Similarly almost all candidates knew how to find an unbiased estimator for i, but a number failed to find the correct answer for the unbiased
estimator for 2. Most candidates were successful in finding the 95% confidence interval for p. In part ¢) many fully correct answers were seen but

a significant number of candidates did not recognise they were working with a t-distribution.

The random variable X has the binomial distribution B(n, p), where n > 1.

Show that

< 1s an unbiased estimator for p;

2
(b) (%) is not an unbiased estimator for p?;

(©)

X(X-1)
n(n—1)

is an unbiased estimator for p2.

Markscheme



@ B(X)=1E(X) M

= % xnp=p AG
therefore unbiased AG
[2 marks|

(b) E[(%)T:%(Var(X)—&—[E(X)]Z) MiAl

= & (np(1—p) +n?p?) Al

#p* Al
therefore not unbiased AG
[4 marks]

© B[RO0 - Em

n(n—1) n(n—1)

np(1—p)+n’p’—np
n(n—1) Al

o npz(n—l)
— n(n-1) Al

pr—y p2
therefore unbiased AG
[3 marks]

Examiners report

[N/A]

a. The continuous random variable X takes values only in the interval [a, b] and F' denotes its cumulative distribution function. Using

integration by parts, show that:

b. The continuous random variable Y has probability density function f given by:

(i) Obtain an expression for the cumulative distribution function of Y, valid for 0 <y < g . Use the result in (a) to determine

E(Y).

f(y) = cosy,
fy) =0,

0<y< 3

elsewhere.

4]

(14]

(i)  The random variable U is defined by U = Y™ , where n € Z* . Obtain an expression for the cumulative distribution function of

U valid for0 < u < ()"

(iii)  The medians of U and Y are denoted respectively by m,, and m, . Show that m,, = my, .

Markscheme

a. BE(X)= fab zf(z)dz Ml



= [2F(2)’ - [’ F(z)dz Al

= bF(b) — aF(a) — [’ F(z)de Al

= b— [’ F(z)da because F(a) = 0and F(b) =1 Al
[4 marks]

b. (i) let G denote the cumulative distribution function of Y’

G(y) = [, costdt M1
= [sint]] (4D
=siny Al

E(Y)=75 - [ sinydy MI

+ [cosylg Al

-1 Al

INIERRNIE]

(i) CDFofU=P(U <u) MI
=P(Y"<u) Al

(iii) m, satisfies the equation sinm, = % Al

1
m,, satisfies the equation sin (m&”) = é Al

1
therefore my = my Al

my=my AG

[14 marks]

Examiners report

a. Solutions to (a) were often unconvincing. Candidates were expected to include in their solution the fact that F((a) = 0 and FI(b) = 1.

b. In (b) (i), it was not enough to state that G(y) = f cos ydy = sin y although that, fortuitously, gave the correct answer on this occasion. The
correct approach was either to state that G(y) = [ costdt = siny or that G(y) = [ cosydy = sinz + C and then show that C' = 0 because
F0)=0orF (%) = 1. Solutions to (b) (ii) and (iii) were often disappointing, giving the impression that many of the candidates were not

familiar with dealing with cumulative distribution functions.

A random variable X has probability density function f given by:



)\e’)"”, for z > 0 where A > 0
0, for z < 0.

o) ={

a. (i) Find an expression for P(X > a) , wherea > 0. (6]

A chicken crosses a road. It is known that cars pass the chicken’s crossing route, with intervals between cars measured in seconds,
according to the random variable X , with A = 0.03 . The chicken, which takes 10 seconds to cross the road, starts to cross just as one car
passes.

(ii))  Find the probability that the chicken will reach the other side of the road before the next car arrives.
Later, the chicken crosses the road again just after a car has passed.

(iii)  Show that the probability that the chicken completes both crossings is greater than 0.5.
b. A rifleman shoots at a circular target. The distance in centimetres from the centre of the target at which the bullet hits, can be modelled by [10]

X with A = 0.4 . The rifleman scores 10 points if X < 1,5 pointsif 1 < X <5, 1 pointif 5 < X < 10 and no points if X > 10 .

(1) Find the expected score when one bullet is fired at the target.
A second rifleman, whose shooting can also be modelled by X , wishes to find his value of A .

(i)  Given that his expected score is 6.5, find his value of A .

Markscheme
a (i) P(X>a)= [ XeMdz MI
[—e ] al

=e M Al
(i) P(X>10)=e%%(=0.74...) (MDAl

(iii)  probability of a safe double crossing = e %% (= 0.74%) = 0.55 A1
which is greater than 0.5 AG

[6 marks]
b. (i) P(X<1)=0.3296... (41
P(1<X<5)=0.5349... (4D
P(5 < X <10)=0.1170... (4D
E(score) =10 x 0.3296...+5 x 0.5349...+1 x 0.1170... MIAl

=6.09 A1

Note: Accept probabilities in exponential form until the final decimal answer.
(ii)  E(score) for X with unknown parameter can be expressed as 10 x (1 —e ™) +5 x (e} —e ) + (e7 — 1) MI)(41)
attempt to solve E(score) = 6.5 (M1)

obtain A = 0.473 Al

[10 marks]



Examiners report

a. This question was generally well done.

b. This question was generally well done.

The discrete random variable X follows the distribution Geo(p).

Arthur tosses a biased coin each morning to decide whether to walk or cycle to school; he walks if the coin shows a head.

The probability of obtaining a head is 0.55.

a. (i) Write down the mode of X . 3]
(ii)  Find the exact value of p if Var(X) = % .
b. (i) Find the smallest value of n for which the probability of Arthur walking to school on the next n days is less than 0.01. [6]

(i)  Find the probability that Arthur cycles to school for the third time on the last of eight successive days.

Markscheme

a. (i) themodeisl Al

. 1—
(i) attempt to solve p—zp = 2—98 Ml

obtain p = % Al

Note: p = 0.429 is awarded M1A40.

[3 marks]
b. (i) require least n such that

0.55" < 0.01 (M1)

EITHER

listing values: 0.55, 0.3025, 0.166, 0.091, 0.050, 0.028, 0.015, 0.0084  (M1)
obtainn =8 Al

OR

n> P —770... (M)

obtainn =8 Al

(i) recognition of negative binomial (M1)

X ~ NB(3,0.45)



P(X =8) = (;) x 0.45% x 0.55° (A1)

=0.0963 A41

Note: If 0.45 and 0.55 are mixed up, count it as a misread — probability in that case is 0.0645.

[6 marks]

Examiners report

a. (a)(i) A surprising number of candidates were unaware of the definition of the mode of a distribution.
(a)(i1) Generally well done, although a few candidates gave a decimal answer.

b. (b) Generally well done, and it was pleasing that most were familiar with the direct use of the negative binomial distribution in (ii).



